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3 1. Week 1

1 Week1

(1) Let x1,x2, ..., X, be linearly independent vectors over F. Assume Axj, AXo, ..., Ax,, are linearly
dependent vectors over F. Therefore there exists weights c1, ¢a, ..., ¢, such that

c1Axy + 0 Axg + - - + ¢ Ax,, = 0.
Multiplying by B on the left gives us
c1BAx| + csBAxy + -+ - ¢, BAx, =0

which reduces down to
c1X1 + coxg + -+ -+ cpx, = 0.

This is a contradiction so Axy, AXs, ..., AX,, are linearly independent.
Since we have n linearly independent vectors, these vectors span F so there exist weights
c1,C3, ..., Cp such that
u=-c1Axy + cpAx9 + - - - + c, A%,

for all vectors u over F. Since A is a linear transformation, we can “factor” it out to get
u=A(e1x1 + coxo + - + cpxy) = Av

where v is some vector over F. Therefore,
ABu= AB(Av) = A(BA)v=Av =u

for all vectors u. Therefore
AB =1,

(2) Notice that v;w; is an m x n matrix where each column is of the form cv where c is some
scalar in F. Therefore each column of A = 22:1 = v;w; is a linear combination of vi, vy, ..., v,.
This means that the column space of A is spanned by vi,va, ..., v, which means that rank(A) < r.

(3) Ifrank(A) = n, all columns of A are linearly independent. Now Ax is just a linear combination
of the columns so since the columns are linearly independent, x = 0 is the only solution to Ax = 0.
This means that dimension of the nullspace is 0 so the rank-nullity theorem holds.

Since rank(A) < min(m,n), the only case left to consider is rank(A) = r < n. Therefore, there
are r linearly independent rows so there are n — r free variables. This means that every vector in
the nullspace can be expressed as a linear combination of n — r vectors so the dimension of the
nullspace is n — r. Therefore, the sum of the rank and the nullity is again n.

(4) We first prove that nullity(A) + nullity(B) > nullity(AB). Let the basis of ker B be
{v1,va,...,v,}. Since ker B C ker AB, we can write the basis of ker AB as

{V17V27 <oy Vi Ve ] -~-7Vs}-

Now we can see that {Bv,1, ..., Bvs} are linearly independent.
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2 Week 2

(1) Notice that it suffices to prove that each A; = 0 if for all k € [n],

Zn: AR,
=1

We can prove this with induction on n. When n = 1, it is clear that A\; must be 0 so the base case is
proven. Now we go on to the inductive step. If any one of the A; = 0 for all k, then we can use the
inductive hypothesis on the other A;’s to finish the proof. Otherwise, consider the Vandermonde
Matrix:

1 1 1 e 1

)\1 )\2 )\3 cee (079

v=| M A A N

)\llc—l )\15—1 )\lg—l MR-l
Now our criterion about the sum of the kth powers of the \;’s always being 0 reduces down to

A1 1 1 T - 1 A1
Ao A1 A2 A3 e apn A2
)\n )\116—1 )\]26—1 )\/;—l L. )\];:L—l )\n

This means that V so the determinant of V' is 0. Since V is a Vandermonde Matrix, by Corollary
2.2, we see that there must exist 7, j such that A\; = A;. Now we can use the inductive hypothesis
on all the other \;’s excluding A; and we are done.

(2) Let us try to find a path-counting problem such that the number of ways of going from
vertex A; to vertex Bj is (Z;) We define our graph with vertices being lattice points and the edges
connecting adjacent vertices (excluding diagonal adjacencies). Our paths consists of stepping up
or to the right. Next we assign the vertices A;’s and B;’s to the lattice points as the following:
A, is assigned to (—a;,0) and By is assigned (—b;,b;). Notice that the number of ways of getting
from A; to B; is the number ways to step up or to the right starting from (—a;,0) and ending at
(—bj,b;). The length of this rectangle is a; — b; and the height is b;, so the number of paths is
(aifz; o ) = (g;) By the Lindstrom—Gessel-Viennot Lemma, the determinant of M is the number
of families of non-intersecting paths which must be positive.

(3) We can follow the same approach as the previous problem to get lattice points the A;’s are
assigned to are (¢ —1,0) and the Bj’s are assigned to (m —j +1,j — 1). Now we count the number
of families non-intersecting paths. We know that A; must go to Bj since if it went to any other
Bj, then By would be blocked off. Similarly, A> has to go to By or going to another B; would
block off B; so in general, we see that A; goes to B;. However this means that the only family of
non-intersecting paths is sideway L’s that form shells like a Matryoshka doll. This means that the
determinant is just .

3 Week 3

(1) We must prove that M;; = C;CI. This means that the ith row in C; is missing and the ith
column in CZ-T is missing. The row missing corresponds to the ith row missing in M;; and the
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missing column corresponds to the ¢th column missing in M;;. This can be seen by the definition
of matrix multiplication.

(2) Let us first consider m;; which is just the dot product of the ith row vector of C' and the ith
column vector of CT but this is just the same vector. The jth entry of this vector is +1 if edge j
contains vertex i and 0 if it doesn’t. Therefore. dot producting this vector with itself gives us the
number of entries that are nonzero which is the number of edges connected to ¢ or the degree of 1.

Now consider vertex ¢ and j such that ¢ # j. Now the m;; is the dot product of the ith row and
jth row of C'. Now if 7 and j are not connected, then +1’s of row ¢ will not line up with the £1’s of
row j so the dot product will be 0. Now if ¢ and j are connected, then a —1 of row ¢ will align with
a 1 of row j or vice versa to get a dot product of —1. Therefore m;; is —1 if 7 and j are connected
and 0 if 4 and j are not connected.

(3) Consider some row ¢ of A. We know that

n+1
det(A) =) " ai(—1)"A; =0
Jj=1

since the sum of rows and columns is 0. Notice that

n+1

Z ai; =0
j=1

SO
(_1)i+1Ai1 — (_1)i+2Ai2 — .= (_1)i+n+1Ai(n+1)
for any row i. Similarly, if we do a cofactor expansion along columns instead of rows, we get

(DM Ay = (1) Agy = -+ = (1) A4y,

so all cofactors must be equal no matter with ¢ and j are.
(4) If we remove the edge between vertex 1 and vertex n, the Laplacian of this graph would be

n—2 -1 —1 0

-1 n-1 -1 -1

M = —1 -1 n-1 -1
0 -1 -1 n—2

My =

Adding rows 2 to n — 1 to row 1 gives us

1 n—-1 - -1

“1 -1 - n-=2
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Adding the first row to each of the other rows gives us

1 1 ---
On -~ -1

This is just an upper triangular matrix so its determinant is | n"(n — 2)|.

(5) The Laplacian matrix of this graph is

n -1 -1 -1 -1
-1 3 -1 0 —1
-1 -1 3 -1 0
M=1_41 ¢ -1 3 0

-1 -1 0 0 3

Now we see

3 -1 0 -1

-1 3 -1 0

My=|0 -1 3 0

1 0 0O --- 3

and we must take the determinant of this. I have tried doing row operations but I can’t seem to
find a way to find the determinant.

4 Week 4

(1) We can go through the same process as Theorem 1.1 but we hit a problem when I;; is 0. However,
we can just make all the entries of U in row ¢ just 0. Now the main diagonal of U is always 1 so
det U = 1 # 0 meaning that U is nonsingular. Therefore at least one of L and U is nonsingular.
Now we know that the l;;’s are nonzero iff A is invertible. Since A being invertible is equivalent to
k = n and the [;’s being nonzero is equivalent to L being nonsingular, we know that L and U are
nonsingular if and only if k£ = n.

(2) We claim that every lower triangular matrix L can be factored as L'D where L is a lower
triangular matrix with diagonal entries of 1 and D is a diagonal matrix. Notice that multiplying
by a diagonal matrix on the right just scales column j in L’ by the nonzero entry of column j in D.
Therefore, we can scale each column down by the the entry in that column that is in the diagonal to
get L’ which must have diagonal entries of 1. Now we make the diagonal entries of D the diagonal
entries of L and we are done.

In a similar fashion, we claim that every upper triangular matrix U can be factored as DU’
where U is a upper triangular matrix with diagonal entries of 1 and D is a diagonal matrix. Notice
that multiplying by a diagonal matrix on the left just scales row 7 in U’ by the nonzero entry of
row ¢ in D. Therefore, we can scale each row down by the the entry in that row that is in the
diagonal to get U’ which must have diagonal entries of 1. Now we make the diagonal entries of D
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the diagonal entries of U and we are done. All of this means that for any invertible matrix A,
A=LU =L'D:DU" = L'DU’

since the product of two diagonal matrices is a diagonal matrix.

5 Week 5

(1) A point x = [z : -+ - : x| is on a d-dimensional plane if it satisfies
aoTo + a1r1 + -+ + ag+1T4+1 = 0.

We can think of this as a dot product of an = vector and an a vector and an x vector so we can just
apply our projective transformation to both sides. If the image of x is x/, then we have

a-x' =aozg+ ax) + -+ agpxy, =0

meaning that the transformation of every point creates a d-dimensional plane.

(2) We can dehomogenize the coordinates by representing [a : b] with a/b for nonzero b and [a : 0]
with co. This means that we can dehomogenize P;, Ps, P3, Q1, Q2, Q3 into p1,p2,ps3, q1, 492,93 €
k U {oo}. Notice that if there exist ag, a1, a2, az such that

ao(3) +a1 ¢
(12(%)—{—&3 S d’

then there exists a projective transformation that maps [a : b] — [c : d]. This is because the matrix
for the transformation will just be
ap az
<a1 a3> '

We can verify this by multiplying by [a : b] = [a/b: 1], we get

ao( )—i—al:l]

az( )—l—CLg

ISISHIS YIS

apg ag
(a/b 1) <a1 a3> =(ap-a/b+ar az-a/b+az) — [
and this must equal [c: b] = [¢/b: 1].

Now this means that we have four variables (the a;’s) and three equations (one for each P;). This
means that there does exist a solution but there also exists a free variable. This is fine, though,
because we need to have a unique matrix up to scaling and this definitely holds.

6 Week 6

(1) First we can see that when we do scalar multiplication, we just multiply the coefficients by the
scalar. Since F' is a field, it is closed so even after scalar multiplication so the vector is still in the
set of symmetric polynomials because coefficients will stay the same even after scalar multiplication.
Now we need to prove the associative property and the distributive property. Let us start with
proving a - (b-v) = (ab) - v. When we multiply v by b, we are multiplying the coefficients by b and
after this, we multiply the coefficients of the symmetric polynomial by a. This is just the same as
multiplying the coefficients by ab and we are done.
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Next we move on to the distributive property. When we add two symmetric polynomials, we
can think of just adding the coefficients of two like terms. If a term exists in one polynomial and
it doesn’t in the other, we can think of this just add the missing term but give it a coefficient of 0.
This just means that we can think of u + v as the sum of two vectors in F* for some k. However,
we know that F* is a vector space over F so the distributive property must hold.

For the dimension, we know that z; can have an exponent from 0 to d. This gives us a total of
(d + 1)™ different terms. Now the terms can be grouped into groups of n since the polynomials are
symmetric so the dimension is | (d + 1)"/n |.

(2) First Flxy,...,2,]¢ is the field of polynomials that are invariant under G. Again, scalar
multiplication just multiplies the coefficients by the scalar so coefficients stay the same so the
multiplied vector is still in F[z1,...,2,]%. Now we can check associativity and the distributive
property in the same way as the previous problem since still, all we are doing is multiplying the
coefficients.

7 Week 7

(1) A strictly diagonally dominant matrix A is a matrix that satifies
Jazi| > > lay]
J#i
for all 4. For the sake of contradiction, assume A is not invertible. This means that there exists a

nonzero v such that
Av = 0.

Now let v; be the entry with the largest magnitude. This means that

E A5V =0 = iV = — E Qai5V;.

J J#i

UV

E : J
Qi3 — — —Ajj
(V3 J

j#i

Therefore,

so by the Triangle Inequality, we have

jaii| <)

J#i

< )

JFi

v
j
s
V; K
which is a contradiction.

For the second part, by the Gershgorin Circle Theorem, the eigenvalues satisfy A € D(a;;, > i laij|)
for some i. However, since A is strictly diagonally dominant and since the diagonal entries are all

positive, this must mean that the eigenvalues have positive real parts.
(2) There must be a matrix @) such that

J(A1)
040 = J = J(A2)
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where

is a m; x m; matrix. Now we define D; to be the diagonal matrix with diagonal entries 1,¢,t2, ..., "™
for some real t and we define D as the diagonal matrix with diagonal entries Dy, D, ..., D,,. Now
we have

D;lj()\z)DZ =

and

Dl_l,]()\l)Dl

DY J(\)D
DD = D 'Q ' AQD = ST AS = 2 T} D2

D, YJ(\,) Dy,

where we define S = QD. Therefore G(S1AS) is just the union of disks with centers as the
eigenvalues and radii as ¢ or 0 since ST'AS is the matrix with eigenvalues along the diagonal and ¢
along the superdiagonal. Therefore the intersection over all possible ¢ gives us the set of eigenvalues.

(4) First we notice that each disk contains a unique eigenvalue. Now since the matrix is real,
the characteristic polynomial of the matrix must have real coefficients. This means that for every
root A, we know that X is also a root. In other words, the eigenvalues form complex conjugate pairs.
However, the disks are centered on the real axis so the disk contains X iff it contains A so A = \.
Therefore, all the eigenvalues are real.

8 Week 9

(1) Since the rank is 1, all rows are multiples of each other and all columns are multiples of each
other. Now when we multiply u and v, we have a matrix with columns that are multiples of u.
We can just make u a column of B and choose the entries of v as the right scalar multiples which
means we are done.

(2) We know that there exists an A and A such that

AT = \0 = Av.

However, since A is the largest eigenvalue, we know that ¥ is just the vector of all 1’s. This means
that A times this vector is a vector of all A’s so since the entries of A are either 1 or 0, all rows of
A must have exactly A 1’s which means that the graph is A-regular.

(3) By Weyl’s Theorem, we have

Ae(A) + A1(B) < M (A+ B) < A\ (A) + A\ (B).
We can subtract A\;(A) from everything to get
M(B) < M(A+ B) — Ae(A) < An(B).
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This means that Ap(A + B) — Ai(A) is in between the highest and lowest eigenvalues of B so

(A (A+ B) = Ar(A)] < p(B).



	Week 1
	Week 2
	Week 3
	Week 4
	Week 5
	Week 6
	Week 7
	Week 9

